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Arithmetic-geometric means: an algorithm with 3n divisions
Arithmetic-geometric means: an algorithm with only one
division

A few facts about the correctness of individual digits

The BBP formula
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The Arithmetic-Geometric computation

v

A pair of two sequences of real numbers
an+bn
2

v

ag = 1 bo =X apt+1 = bn+1 = a,,b,,

> foo dt — fOO dt

TV (12+12) (2 +12) T W (a+2)(b3+t)
ap and b, converge very fast to the same value (a, is larger)
a,— b, < A%

Number of known digits doubles at every step
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AGM for 7

» Define f(x) as the arithmetic-geometric mean of 1 and x

f(1/v2)3
> Key property m = 2\/§M
f(1/v2)
» Mathematical proofs based on elliptic integrals
» Improper integrals (Coquelicot)
» Needed extensions (Chasles with improper integrals)
» Lots of formulas with squares and square roots
slightly beyond Presburger automated proofs
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Borwein&Borwein algorithm

- an(x) b (x)
> D f = =
€rnne Yn(X) b,,(X) Zn(X) ag(x)
an—&-1b%-|-1 ai;+1
» Easy consequence 1+ y, = 2——5— 1+2z,=2—~
anbz "
1 1+ vy, 1 1+ 2z,

}’O(X) = ; Yn+1 =

+Vi 1
>7Tn_(2+\/>)H1+ZI tX—\/§

i=1

71 = — Z =
207 VxR (L z) e
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convergence rate

0< 71 —m < 8/2x5317%
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Brent and Salamin algorithm

» Define ¢, = (ap_1 — bp_1)

2
/ b, by (an\' / b, iy
> ntl _ “n = n (n) ntl =1_ \ﬁ 2kC2
bn+1 bn 2an bn bn+1 bl ; k
43%
> T = n—1nK_1 2
=% k=12 ak-1 — bk-1)



convergence rate

on—1

v

First approximation |7y, ; — 7| < 68 x 531~
Coarser than Borwein&Borwein: 7,11 — 7 < 8v/2 x 5317%"

Improvement by studying |7}, — 77 4|

v

v

|71 — 7| < (132 4 384 x 2") x 53172

v

For computing 10° decimals of 7 both 7}y and w19 are enough

» 132 4384 x 219 < 228

Each algorithm computes n square roots, but 7, computes 3n
divisions, 7, only half-sums and one full division.

v
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Rounding errors

v

Approximating real computations using fixed-point
computations (rounding towards 0)

v

Take the same program code, replace operations

» How do rounding errors propagate?

Amazingly | — yn| < 2ulp and | — zp| < 4ulp

v

> \ — 7l < (21 % n+ 2)ulp
> \ — h| < (160(3)"+ + 80 + 3™+ 4 100)ulp
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Total interval for Brent-Salamin

> In the end | 1010°TK x /o | is within 240 of 1010°+k x 7

» It remains to choose a suitable value of k

> It is more efficient to compute | 21/82(10)]x10° 5 T
» Paper available at https://hal.inria.fr/hal-01582524

» Code and instructions https:
//www-sop.inria.fr/marelle/distant-decimals-pi/

» Includes a C implementation of the Borwein algorithm, on top
of MPFR.
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https://hal.inria.fr/hal-01582524
https://www-sop.inria.fr/marelle/distant-decimals-pi/
https://www-sop.inria.fr/marelle/distant-decimals-pi/

The BBP formula

Work done in Coq by Laurence Rideau and Laurent Théry
oo

_Zi 4 2 1 1
S 4160 \8i+1 8i+4 8i+5 8i+6)

» Mathematical justification using Rieman integrals

» commuting integration and infinite sum: thanks to Coquelicot
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Computation of a single (hexa-decimal) digit

v

Computing the d*" hexadecimal digit of 7
116917 |(mod16)

Choose a precision p

v

v

v

Compute separately each of the sums, taking the modulo
right-away

Example: Y72, L%J (mod2P)

v
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Intuitive example

» Transposing in base 10, what is the second digit (on the right
of the dot) of

[e.9]

1 1
010"2i—i—1

1=

» 1+0.03333...+0.00200...+ 0.00014...40.00001...4---
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Computation of a single digit (continued)

v

Only a finite number of terms in the sum, approximately
d + p/4 terms

» No modulo is needed for the last p/4 terms

v

Use integer division: uncertainty bounded by 1
Accumulated uncertainty is d + p/4 + 1

v

v

We need the accumulated uncertainty to be small wrt. 2P~4

v

Final result is partial: when the value modulo 2P is closer to
2P than the accumulated uncertainty the digit is not known.
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